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Uncertainty principle for joint measurement of noncommuting variables

M. G. Raymer®
Department of Physics and Chemical Physics Institute, University of Oregon, Eugene, Oregon 97403

(Received 27 December 1993; accepted 12 May 1994)

Does the Heisenberg uncertainty principle refer to errors of measurement, or to the spread of values
of the physical variables intrinsic to a particle’s state, or to some combination of these? The most
commonly quoted form of the uncertainty principle relates the spread of an ensemble of separate
measurements of some variable to the analogous spread of its conjugate variable. In contrast,
Heisenberg’s original argument for the uncertainty principle involved the perturbation to a particle’s
state by a measurement of one variable, which affects one’s ability to predict the outcome of a
subsequent measurement of the conjugate variable. The relation between these two views of the
uncertainty principle is discussed in this paper. A familiar example is considered: an ensemble of
identically prepared particles passing through a slit, and after further propagation being detected.
From this arrangement it is possible to infer joint (although necessarily imprecise) information on
both transverse position and conjugate momentum for each member of the ensemble. It is shown
that in this case of joint measurement the product of standard deviations for the measurement
outcomes is at least twice as large as the lower bound implied by the usual uncertainty principle. The
discussion is meant to help clarify the different roles played in the various statements of the

uncertainty principle by the initial state and by measurement error.

I. INTRODUCTION

Recently, with the advent of ultraprecise measurement
techniques berng developed in quantum optics,! atomic
physics,? and in gravitational wave detection,® among other
areas, renewed interest has arisen concerning the ultimate
limitations of measurement imposed by quantum mechanics.
An interesting question concerns the limits placed on the
simuitaneous (or joint) measurability of noncommuting vari-
ables. In optics these might be the real and imaginary parts
of the field (i.e., in-phase and in-quadrature amplitudes), or
they might be the optical phase and the photon number. In
atomic physics these might be the position and momentum of
an atom in a beam or a trap. In gravitational wave detection
these might be the position and momentum of a mechani-
cally resonant bar antenna. An important consequence of
quantum mechanics, which does not seem to be widely
known, is that such joint measurements invariably introduce
an uncertainty that is beyond that associated with the usual
Heisenberg uncertainty principle. This was apparently first
pomted out in the modern context by Arthurs and Kelly in
1965,* and has been recognized as fundamentally 1mp0rtant
by current researchers as reviewed by Yamamoto and Haus,’
and by Stenholm.®

The “usual” (most commonly quoted) uncertainty prin-
ciple states that the uncertainty product obtained for separate
measurements of position or momentum is Ax Ap,=h/2,
where the uncertainties Ax and Ap, are defined as standard
deviations of an ensemble of measurements made on a sys-
tem in a given state. The usual principle refers to the intrinsic
spread of the variables in the quantum state of the system,
due to their quantum indeterminacy, and is not a conse-
quence of any measurement error.

The extended uncertainty principle of Arthurs and Kelly
states that if joint (although necessarily imprecise) measure-
ments are made on both position x and conjugate momentum
p, for each member of an ensemble of identically prepared
systems, the product of standard deviations for the measure-
ment outcomes x,, and p,,, satisfies Axy Ap.=h. It is at
least twice as large as the lower bound implied by the usual
uncertainty principle. The extended principle accounts for
the added measurement error, or noise, that is a result of
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attempting to measure (or at least estimate) the values of two
noncommuting variables for each ensemble member. This
extended principle is entirely a consequence of standard
quantum mechanics, and one purpose of this paper is to dem-
onstrate this result in the context of a standard example
found in many elementary textbooks——a particle traveling
through a slit.

The present discussion is meant to help clarify a common
confusion that arises in many textbooks, and whrch can be
traced to the original papers of Heisenberg:® namely
whether the uncertainty principle refers to errors of measure-
ment or to the spread of values of the physical variables
intrinsic to the state, or to some combination of these. The
history of this confusion has been reviewed and interpreted
by Hilgevoord and Uffink.’ It is demonstrated here that there
are actually two different uncertainty principles, each valid
in different cases, distinguished by the manner in which the
data are collected—whether by separate or by joint measure-
ments. This is consistent with the discussion of Arthurs and
Kelly.

The original argument of Arthurs and Kelly* is actually
very simple mathematically, but is somewhat abstract physi-
cally, and the present example is meant to be more concrete.
The essence of their argument is this—the two noncommut-
ing variables must each be made to interact with a different
“meter” variable, and these two meter variables must them-
selves commute in order to be jointly measurable with arbi-
trarily high precision. It is in the coupling of the two original
variables to the meter variables that the additional noise is
introduced.

First a concrete example will be given and analyzed quali-
tatively: an ensemble of identically prepared particles pass-
ing through a slit, and after further propagation being de-
tected. From this arrangement it is possible to infer joint
(although necessarily imprecise) information on both posi-
tion and conjugate momentum for each member of the en-
semble. The limitations of this model will be discussed as a
motivation for a more powerful treatment of a more general
class of measurements, using recently developed generaliza-
tions of von Neumann’s theory of measurement. A somewhat
more general statement of the joint-measurement uncertainty
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Fig. 1. Setup for separate measurement of the distribution of (a) transverse
position or (b) transverse momentum for an ensemble of particles prepared
in state #(x) and nominally traveling in direction z. Detector plates are
assumed to register the arrival of a single particle.

principle will be derived. The connection of this treatment to
other discussions, notably those of Arthurs and Kelly,* Bra-
ginsky and Khahh,10 and Lai and Haus'! will be pointed out.

II. AN EXAMPLE: PARTICLE PASSING THROUGH
A SLIT

A, Precise measurement—intrinsic indeterminacy
relation

As an example consider an ensemble of identically pre-
pared particles (say electrons) traveling nominally in the z
direction, and partially localized in the transverse (x) direc-
tion with transverse distribution determined by the wave
function (x), which is the same for all particles. It is de-
sired to obtain information about the distribution of both
position and momentum in this state, which is unknown to
the experimenter. As shown in Fig. 1, the distribution | #(x)|?
of particle positions in this state can be precisely determined
by using an array of N detectors, each with width w, and
counting the fraction of trials in which a particle is detected
by each detector. Each detector may be represented as a
metal plate connected to ground through a current meter
which can register the passage of a single electron.

First assume that each detector is of negligible width, and
the array fills the region access1b1e to the particles. Then the
mean X, and variance Ax‘,, of the position measurements are
given by the usual expressions'?

xy= f x|y(x)|*dx, (1a)
Axy= f_m(x—i.p)zltlf(x)lzdx, (1b)
987 Am. J. Phys., Vol. 62, No. 11, November 1994

which are intrinsic to the state . The spread of position
measurements here has nothing to do with errors in measure-
ment, since the measurements can be made arbitrarily precise
by making w smaller. Rather it reflects the physical indeter-
minacy of the particle’s position.

Alternatively, the transverse momentum distribution in-
trinsic to the state can be measured by moving the detector
array a sufficiently large distance L in the z direction and
performing the same measurement (again with negligible de-
tector width w'). For simplicity of notation I will denote the
transverse momentum (conjugate to x) by p. We may assume
that we know beforehand the particle’s total momentum pr
(where py=>p). Then if the particle is registered by the de-
tector whose location makes an angle @ with the z axis [see
Fig. 1(b)], its transverse momentum is known to be
p=pysin 8. The transverse momentum wave function ¥(p)
is given by the Fourier transform of the position wave func-
tion,

(p)=(2mh) 12 f fw«ﬁ(x)exp(—ipx/ﬁ)dx @

and the transverse momentum distribution is given by
|¥(p)|?. (This mapping of the momentum distribution into
position for large L is analogous to far-field diffraction in
optics.) The intrinsic mean p , and variance Ap¢ of the trans-
verse momentum are defined similarly to those for position
in Egs. (1), and these can be measured by the described
method.

The usual uncertainty principle follows from these defini-
tions and the properties of the Fourier transform (or equiva-
lently the operator commutator [x,p]=i#), and states that
the product of the measured standard deviations (square root
of variance) satisfies'?

Ax,Ap,>Hh/2, 3)

as was first proved by Kennard.'® Again, these uncertainties
are intrinsic to the incident state and have nothing to do with
measurement error, as can be seen by the example just pre-
sented. I emphasize that in order to measure the quantities
appearing in this relation, it is necessary to measure precisely
one variable (position or momentum) only for each particle
in the ensemble. Thus Eq. (3) refers to separate, rather than
joint, measurement.

B. Imprecise measurement

If the detectors used in Fig. 1(a) have non-negligible
widths w, and the jth detector is centered at position
X;=jw(j=1,2,...,N), then the measured distribution of po-
sition will be broader than before, and can be calculated as
follows. The probability for the particle to be registered by
the jth detector is

Pot)= | nt—olular, @

where the top-hat function is
1, —wi2<(x—X; )<w/2

0, otherwise

h(X;—X)={ ®)

Because the particle must hit one of the detectors, these
probabilities are normalized according to
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Fig. 2. Conditional probability, or resolution function, f2(X]x) for (a) sharp-
edged, nonoverlapping detectors [Eq. (9)], or (b) smooth-edged, overlapping
detectors [Eq. (20)]. This function is the probability that, given the particle
is well localized at position x prior to measurement, the (imprecise) mea-
surement will yield a result X.

N
> Pp(X)=1. 6)
j=1

If the particle is registered by the jth detector, the experi-
menter can infer only that it was equally likely to have been
between (j— 1/2)w and (j+ 1/2)w prior to detection. This
backward inference from an observation (Bayesian
inference)'* can be expressed as the conditional probability

PX|X)=w"'h(X;~X) (7)

that, given the particle was registered by the detector cen-
tered at X, its actual position (in a classical way of thinking)
was X. The probability that the particle will be inferred from
a measurement to have been at X is thus the sum of contri-
butions from all detectors,

N
Py(X)=2, P(X|X))Pp(X;) (8a)
j=1
= f lfz(Xlx)l«p(x)lzdx, (8b)

where f%(X|x) is the conditional probability that given the
particle was actually at x prior to measurement, it will be
inferred to have been at X. It follows from Egs. (8) and (7)
that its form is
N
PEXD)=w1Y hX;-X)h(X;~x). 9)
j=1

This “resolution function” is represented in Fig. 2(a), where
it is seen to be equal to w™! inside the squares along the
diagonal and zero elsewhere. In words, this function says
that if the particle is initially at a position x within the jth
detector, it will be inferred equally likely to have been any-
where within this detector.

Equation (8) is the distribution of X that will be measured
(inferred) according to this prescription if the particle is in
state (x) and the measuring apparatus is described by f. It is
a formal way to express that the smooth distribution |¢(x)|*
has been converted into a histogram, illustrated in Fig. 3.
Using this histogram-type distribution, the mean value of X
is given by

988 Am. J. Phys., Vol. 62, No. 11, November 1994

Probability Density

Position X

Fig. 3. (a) Measured distribution P y4AX) of position [Eq. (8)] and (b) cor-
responding smooth distribution |y(X)|? for the state (X).

N

Xy= J:Xow(X)dX=2 X;Pp(X)), (10)
j=1

where use was made of Eqs. (8) and (7). The variance of X is
given by

AXy= f :(X—XW)ZPW(X)dX. (11)

The standard deviation, the square root of the variance, is
calculated using Eqgs. (5)—-(8), yielding

N 1/2
AX = > Pp(X;)(X; _)-(./,f)2+ AXJ% (12a)
j=1
=\AxJ+AX?, (12b)
where
AX%= w?/12 (13)

is the X variance of the function f2(X|x) with x held con-
stant, which makes it a simple top-hat function. The first
term in Eq. (12a) is a discrete version of the intrinsic state
variance szw in Eq. (1), and equals sz,/, in the limit w—0.
The form for the standard deviation in Eq. (12) can be un-
derstood as follows. First consider the limit in which the
width of the wave function in x is much narrower than the
detector widths w. Then, according to Egs. (8) and (9), the
distribution of X is a single top-hat function with width w
and variance AX?=w?/12. The opposite limit is simple—it
corresponds to arbitrarily narrow detector widths, so the vari-
ance sz,,, of the wave function dominates. The approximate
form of Eq. (12b) is chosen as an estimate which interpolates
smoothly between these two limits.

A similar argument may be developed for the measure-
ment errors for the momentum, but this will not be used.

C. State reduction, or backaction influence of imprecise
measurement

In order to gain some information about both position and
momentum of a single particle in the incident state (x), we
can modify the apparatus in Fig. 1 as follows. Remove one
of the detector plates, say the one at X;. Then given that we
know the particle has impinged on the detector array, if it is
not detected by one of the remaining detectors, we know that

M. G. Raymer 988
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Fig. 4. Setup for joint, imprecise measurement of transverse position and
momentum for each particle in an ensemble, all prepared in state #(x). One
detector plate in array 1 is removed, allowing the particle to pass through
and travel to array 2 where it is registered.

it must have passed through the opening (or slit), with width
w. This gives position information. As shown in Fig. 4, mo-
mentum information is then obtained by use of a second
detector array located a large distance from the first.

Given that the particle has passed through the slit at X},
the transmitted wave function is a truncated version of the
incident wave function ¢(x). According to the standard
quantum measurement model of von Neumann (based on
state projection, or reduction), the state becomesS-17

h(X;—x) (x)
VI B2, —x)[9(x)[Pdx

where the denominator serves to remormalize the state.
(Again we may make an optical analogy—the wave function
behaves like the electric field of a light beam passing through
an opaque aperture.) Notice that Eq. (14) is a projection—if
we perform it again on y,(x) the state is reproduced.

Ypr(x)= (14)

D. Joint, imprecise measurement

Recall that our goal is to infer information about the inci-
dent state ¢(x) by making joint, but imprecise, measure-
ments of position and momentum on each individual particle
taken from an ensemble of similarly prepared particles. In
Fig. 4, passage through the slit in array 1 provides position
information and detection at array 2 provides momentum
information. We do not want the opening slit in array 1 to be
too broad or no information about position will be obtained.
We also do not want it to be too narrow or the transmitted
state ;(x) in Eq. (14) will contain virtually no information
about the transverse momentum of the incident state. An op-
timum slit width should be found.

Detector array 2, with negligible detector widths w', will
yield precise measurements of transverse momentum on the
transmitted state ¢;(x). The distribution of measured mo-
menta will be given by |i;(p)|*> where Yy (p) is the Fourier
transform of i ;(x). Un{ortunately this distribution has an
infinite variance, because the Fourier transform A(p) of the
top-hat function s(x) behaves as 1/p for large p. (See the
Appendix.) This makes it impossible in this example to ex-
press an uncertainty relation in terms of standard deviations.

Here we will overcome this problem in a simple qualita-
tive way, with a more rigorous approach being discussed in
Sec. III. Here we will use the full width Jp ¢ of the distri-
bution |¢//f](p)|2 instead of its variance as a measure of the

989 Am. J. Phys., Vol. 62, No. 11, November 1994

spread in p. (It has actually been argued that full width is a
better measure in general.)’ Very roughly, this full width is
given by (see the Appendix)

Op yp= \/Ap?/ﬁ 5p%, (15)

where the first term is the intrinsic momentum spread in the
incident state, and the second term, where

Sp;=2mhiw, (16)

is from the spreading of the wave function caused by the
effect of the slit. (Again this result can be understood with a
optical analogy—the slit causes diffraction.)

It is interesting to note that the measurement error AX in
position and the measurement error Jp ;¢ in momentum obey
an uncertainty relation

AX¢opi=(m/J3)hi>1h/2. 17

This result has sometimes been confused with the intrinsic
state uncertainty relation (3).

E. Joint-measurement uncertainty relation

The total uncertainties for the position and momentum
measurements have a product

AX 4 0p 4=\ (Ax3+Ww¥12)(Apy+ (2h)2/w?),
(18a)
which follows from Egs. (12b) and (15). We may vary the

slit width w to minimize this uncertainty product. The mini-
mum value is found to be

AX y0p yr=AxyAp +2mh/23, (18b)

showing the added uncertainty arising from the joint mea-
surement. Invoking the state uncertainty relation (3) we ar-
rive at

/) 2 ~f’z

the minimum value of which occurs for w = 2 m3Ax,.
The product in Eq. (19) is about four times larger than the
intrinsic state uncertainty #/2 in Eq. (3). This is an important
illustrative result of this paper, as it shows that when attempt-
ing to make joint measurements on two noncommuting vari-
ables the measurements are imprecise, and this leads un-
avoidably to additional uncertainties beyond those implied
by the usual (state) uncertainty principle (3).

Actually, the specific result (19) does not represent a gen-
eral lower bound for joint measurement, as it was derived
only for a particular example and was not derived quantita-
tively, due to the approximations in Egs. (12b) and (15). This
treatment was instigated by the divergence of the momentum
variance caused by diffraction from the sharp slit edges.
There are two attitudes that have been taken in the literature
with regard to this problem: Hilgevoord and Uffink have
argued that 9gencrally the variance is not a good measure of
uncertainty.” They have instead derived an uncertainty rela-
tion based on the widths of the distributions. They define the
width as that range of x containing some specified fraction
(near unity) of the total probability. On the other hand, Bra-
ginsky and Khalili (among others) have adopted the attitude
that the problem is not in the use of the variance, but in the
assumption that measurements can be made with sharp
boundaries between possible measured values (sharp slit in
our case), and with nonoverlapping measurement channels.'®

M. G. Raymer 989



In their approach the channels do not have sharp edges and
are overlapping (nonorthogonal). In Sec. III I will adopt this
latter approach and derive again the joint-measurement un-
certainty principle in a more general context. This results in
a smaller uncertainty product than in Eq. (18), but, as we will
see below, never as small as the intrinsic state uncertainty in

Eq. 3).

1. UNCERTAINTY RELATIONS WITH JOINT,
NONORTHOGONAL MEASUREMENTS

A. Generalized measurements

In a modern version of the measurement model, which is a
generalization of von Neumann’s projection model, the con-
ditional probability f2 (X |xP in Eq. (8b) need not be a sharp-
edged top-hat function.®!*!8-2 If we instead allow this func-
tion to be smoothed out, the divergence of the variance of
transverse momentum is avoided. In some sense this is more
realistic than assuming perfectly sharp edges. Rather than
imagining a sharp slit as the measurement device, consider
the scattering of a light beam from the particle as a way to
measure its position. This is Heisenberg’s famous micro-
scope argument that he used in his early discussions of the
uncertainty principle.® The optical resolution of the micro-
scope limits the precision with which the particle’s position
can be inferred. Rayleigh’s resolving criterion leads to an
overlapping of the different resolvable “spots” or nonor-
thogonal resolution functions.

For example, the conditional probability that, given the
particle is perfectly localized at x, the measurement will yield
X might be given by a Gaussian function,

FA(X|x)=(m20%) "% exp[ — (X—x)*/207], (20)

where o is the resolution spot size. Each resolution function
is centered on a different value of X, which is continuously
distributed. This function is represented pictorially in Fig.
2(b). The conditional probability is normalized,

f f fA(X|x)dx=1, (21)

since every measurement must yield some result The
X-measuring apparatus is fully characterized by f2(X|x).

It greatly simplifies the analysis to assume that the resolu-
tion function depends only on the difference variable X —x
and that it is symmetric around its maximum value which
occurs at X= “x, 2, €8, in Eq. (20). I will thus denote

2(X|x) by fA(X—x). This is possible in the present case
because position and momentum are continuous variables
with no upper or lower bounds and the commutator between
the variables is a ¢ number. There are pairs of conjugate
variables other than position and momentum (e.g., photon
number and optical phase) for which this simple model is not
applicable.

The probability to measure a position value X is then
given by

Pyx)= | PO-0lpoax @
Because of the symmetry of f2(X—x), the mean value X of
X equals the mean x, of the state distribution—that is, the
measurement is unbiased. The measurement error (resolu-

tion) is the variance of the conditional probability,
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AX;= f _:(X—x)zfz(X—x)dX, (23)

and is independent of the value of x. Because of the convo-
lution form of Eq. (22), the standard deviation [square root
of Eq. (11)] of the position measurements is given by

AXy= BT AL, 4

Equation (24) holds for arbitrary forms of the functions un-
der the integral in Eq. (22), and is an exact result, in contrast
to the similar expression (12b).

In a generalization of Eq. (14), the wave function Yrx(x)
after t;lse position measurement yields a particular X is given
by®?

FOX—x) ¢(x)
VI X —x)[¢(x)Pdx’

where f(X —x) is the real, positive square root of f2(X—x).

In contrast to Eq. (14), th1s result is not a projection of the
incident state, because f2(X—x) is not proportlonal to f(X
—x). This means that immediately successive position mea-
surements will not necessarily give the same results. This
fact is actually a strength of the present model, not a weak-
ness, even though it differs from the standard von Neumann
model.'” It is a strength because, for example, it shows that
successive position measurements will yield an increasingly
better determination of the position, through “signal averag-
ing,” a fact known to any experimenter.

Related generalizations of von Neumann’s projection
model have been advocated by several authors, in rather for-
mal discussions.'®22 These have been reviewed by Busch
et al.,”® Braunstein et al.,** and Gardiner.” In these models,
von Neumann s projection operators are replaced by “effect-
valued (or positive-operator-valued) measures.” These mod-
els are not simply postulated, but rather are derived from
standard quantum treatments of model interactions between
object and measuring apparatus. The results derived in the
present paper are consistent with these more formal treat-
ments.

Ypx(x)= (25)

B. Joint measurements and uncertainty relations

The transverse momentum dlStl'lbllthl’l after the posmon
measurement, is given by |¢//fx(p)| where t,bfx(p) is the
Fourier transform of ¢/x(x). Again we assume precise mea-
surement of momentum of the particle after the position
measurement takes place. Because |y/x(P)|* is the condi-
tional probability to observe momentum P given a position
measurement yielding X, we can define a joint probability for
position and momentum measurements as

P y(X,P)=|gx(P)|*P 41(X)
2

=(27rh)_lf F(X—x)¢p(x)exp(—iPx/h)dx
(26)
This is a central result of the theory of joint

measurement. %1
The probability to observe momentum P independently of
the observed X value is

P (P)= f:P of(X,P)dX. 27)

M. G. Raymer 990



This can be rewritten as
PyP)= [ IFP-pIlR R, @)

where f(p) is the Fourier transform [defined by Eq. (2)] of
f(x). Note that this probability is equal to a convolution of
the momentum distribution of the incident state with the mo-
mentum resolution function [f(P—p)|2. This result is ap-
pealing because it has the same form as the position distri-
bution in Eq. (22). So it appears that although position is
measured first in the example used, actually position and
momentum measurements are on equal footing in this for-
malism. The same results would be obtained if momentum
were measured first, followed by position measurement. In
this case one can use the term ‘“‘simultaneous measurement,”
which is actually a more commonly used term than is joint
measurement.
The measurement error variance for momentum is

AP}= f :(P -p)*|f(P—p)|*dP, (29)

and is a property only of the measuring apparatus. The stan-
dard dev1at10n AP; of | f(P—p)|* and the standard deviation
AX; of fA(X-x) satlsfy the relation

AXAP=1/2, (30)

as a consequence of the properties of the Fourier transform,
the relation being an equality only for Gaussian functions.
[The 7 enters as a consequence of the definition of the trans-
form in Eq. (2).] This may be called the measurement uncer-
tainty (or error) relation. It has the familiar interpretation that
the smaller the measurement error in position is, the larger is
the perturbation of momentum and consequent momentum
measurement error. But note that this is not the same as the
intrinsic state uncertainty relation (3). Equation (30) is a
property of the measurement apparatus, not the state of the
particle.

Finally we may formulate the uncertainty relation for joint
measurement. From the distribution (28) we can find the
standard deviation of momentum measurements (which is
now finite),

AP y= \/Ap§¢+ AP, (31)

where Ap, is again the intrinsic state uncertainty. The un-
certainty product is

AX AP 4= N(Ax3+AX7)(Ap3+ AP, (32)

This can be rewritten solely in terms of Ax, and AX, by
using

Apy=ayh/2Ax,,
AP;=ah/20X;, (33)

where a, and a; satisfy a,>1, a;=>1, and are measures of
how close Egs. (3) and (30) come to being equalities. If
ay,=1 we say that the initial state is a mimmum—uncertamty
state. If ay,=1 we will say that the measurement is a
minimum-error measurement, [Note that in the earlier ex-
ample in Sec. II a; was fixed at the value 2773, as seen from
Eq. (17).] The uncertainty product (32) can be minimized by
adjustlng the variance of the position resolutlon function; the
minimum occurs for AX? = (ayl a¢)Ax 4 and gives the ex-
tended uncertainty relation,
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The optimum case occurs for a,= a,;=1, which can occur
only if both the state and the filter are Gaussian in form. In
this case the uncertainty relation for joint measurement be-
comes

AX AP, =h. (35)

This uncertainty product implies a lower bound that is at
least twice as large as the intrinsic state uncertainty product
(3) or the measurement error product (30). It shows that
some information can be obtained about the distribution of
both position and momentum by observing imprecisely both
of these variables for each particle in the ensemble. The price
that is paid for this is the introduction of error beyond that
contained in the intrinsic state uncertainty.

An interesting special case occurs if ay<a,, that is, the
measurement is much closer to being optimal than is the
state. Then Eq. (34) shows that joint measurement of x and p
can be accomplished without adding any significant uncer-
tainty beyond that contained in the state.

IV. CONNECTION TO ARTHURS-KELLY THEORY
OF JOINT MEASUREMENT

The convolution form of the probability functions (22) and
(28) can be used to postulate formally the existence of new
quantum variables, A and B, which are independent of the
particle’s variables x and p, and which add to them during
the course of a “measurement” interaction. In operator form

X=3i+A, P=p+B. (36)

Recall that in the theory of probability the distribution of a
variable that is the sum of two independent variables is given
by the oonvolutlon of their respective distributions. The
functions f and |f|*> serve as distributions for A and B,
respectively. The sum variables, X and P play the role of
meters which can be read out after interacting with the par-
ticle. The new variables, A and B play the role of meter noise
operators.

Equation (36) is gostulated in the Arthurs—Kelly theory of
joint measurement as reviewed by Yamamoto and Haus5
and by Stenholm The basic idea is to chose A and B such
that X and P commute, and so can be read separately without
mtroducmg any noise beyond that introduced by A and B.
This is achieved only if [A,B]=—[x,p]= —if, which also
implies that the standard deviations of the noise operators
obey

AAAB=#/2. 37

If the particle operators and noise operators are uncorrelated,
then the variances add and the uncertainty product for X and
P is

AXAP=(Ax*+ AA?)(Ap*+ AB?). (38)

This is precisely of the form of Eq. (32) and so implies the
same bounds given by Eqs. (34) and (35). This shows that
the measurement theory used in Sec. III is consistent with
that of Arthurs and Kelly. This further helps establish that all
results discussed here can be understood in terms of standard
quantum mechanics.
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V. CONNECTION TO THE WIGNER FUNCTION

Finally I would point out that the general result (26) for
the joint measurement of x and p can be expressed in terms
of the Wigner functions representing the state and the mea-
surement device. For a wave, functlon ¥(x) the associated
Wigner function is defined as?®

Ww(x,p)=(wﬁ)‘lf:w(xwLx’)n//*(x—x')

Xexp(—2ipx'/h)dx'. (39)

There is an analogously defined Wigner function W(x,p)
associated with the resolution function f(x). It is easy to
show that the joint probability (26) for measurement of x and
p can be expressed as a convolution of these two Wigner
functions

Pd,f(X,P)=f_ f_ W X—x,p—P)W(x,p)dxdp.

(40)

This result is of the same form as discussed in Lai and
Haus,"! who treat the joint measurement of the two quadra-
ture components (in-phase and 90°-out-of-phase electric-
field amplitudes) of a light beam. The connection between
Egs. (26) and (40) has been pointed out by Stenholm.® It has
also been discussed by Brenner and Wodkiewicz in 2 differ-
ent context: filtering in the time-frequency domain.?’ Equa-
tion (40) shows that the Wigner function, which is not a true
joint probability (since it can take on negative values), is
converted to the true joint probability after convolution with
the measurement resolution function.

VI. EXPERIMENTS

Joint measurements of the kind discussed here have been
carried out in the case of single-mode optical fields.”® The
two conjugate variables are the real (cos) and imaginary (sin)
parts of the oscillating electric field, called quadrature ampli-
tudes. The measurement is made by beam splitting the field
with a 50%/50% beam splitter and then using coherent de-
tection techniques (balanced homodyne, or interferometric,
detection) to measure the real part of one beam and the
imaginary part of the other beam. The additional noise comes
into the signal field by virtue of the random nature of optical
beam splitting: each photon has a nonzero chance of reflect-
ing or transmitting through the beam splitter. On the other
hand, when no beam splitter is used, and the whole beam is
incident on the coherent detector, the real or imaginary parts
(but not both simultaneously) can be measured with no
added noise. In this case, the Wigner function (39) of the
signal field can be determined from the measurements as
demonstrated experimentally by Smithey et al?

VII. CONCLUSIONS

Using a simple, familiar example I have verified that, ac-
cording to standard quantum mechanics, if joint (although
necessarily imprecise) measurements are made on both posi-
tion and conjugate momentum for each member of an en-
semble of identically prepared systems, the product of stan-
dard deviations for the measurement outcomes is at least
twice as large as the lower bound implied by the usual un-
certainty principle. The result is stated in Eq. (35), which
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was previously known.*~° I have provided a somewhat more
informative version of this result in Eq. (34), in which it can
be seen how the contributions from the intrinsic state inde-
terminacy and the measurement error combine to give the
overall uncertainty product. For example, if the measurement
is optimal but the state has uncertainty product much greater
than that of a minimum-uncertainty state, then Eq. (34)
shows that joint measurement of a pair of noncommuting
variables can be accomplished without adding any significant
extra uncertainty beyond that contained in the state. Connec-
tions have been made between these results and those of
other authors,*!%!! showing them all to be alternative meth-
ods by which to treat the same physics.

This pedagogical discussion helps to clarify the different
roles of the initial state and of the measurement in the vari-
ous statements of the uncertalnty principle. Heisenberg’s
original argument’ (as reviewed in Ref. 9) was that if one
measures x with resolution (error) AX f» then one can predict
p in a subsequent measurement with an accuracy (error) of
order AP, where AX AP =h. This is essentially Eq. (30),
and by comparing to Eq. (32), we can see that Heisenberg’s
argument does not deal with the incident state uncertainties
Ax, and Ap,, but only with the measurement uncertainties.
Of course there is a close connection between these concepts,
since measuring x serves as a state preparation, due to the
state reduction, or backaction, represented in Eq. (25). But
note that Heisenberg’s formulation does not involve varying
the position of the slit in array 1 in order to infer information
about the incident state ¢(x). It is only concerned with state
reduction (and backaction) at the slit and subsequent mea-
surement of momentum. A related discussion is given by
Martens and de Muynck.*

Heisenberg’s original formulation, using the microscope
gedanken experiment as motivation, is often cited in text-
books as the essence of the uncertainty principle. On the
other hand, when a quantitative derivation of the uncertainty
relation is desired, most textbooks (including Heisenberg’s,8
but excepting Ballentine’s>!) adopt Kennard’s approach®®
using the variance of the intrinsic state uncertainties, and use
the Fourier propertles of the wave function (or equxvalently,
operator algebra)®? to derive the relation (3). But since this
involves only the intrinsic state uncertainties, it is not actu-
ally germane to Heisenberg’s original ideas. Thus, one argu-
ment considered only measurement uncertainties [Eq. (30)],
while the other argument considered only initial state uncer-
tainties [Eq. (3)]. The total uncertainty for joint measurement
is a combination of both of these uncertainties [Eq. (32)]. By
considering both the state indeterminacy and the measure-
ment error in a unified discussion, as discussed here, the
physics becomes clearer.

APPENDIX

Equation (15) for the estimated full width of the transverse
momentum (p) distribution after passing the slit can be ob-
tained as follows. First consider the case in which the width
of the wave function in x is much broader than the width of
the slit. Then, according to Eq. (14), the wave function after
the slit is proportional to the top-hat function h(X;—x).
Therefore the momentum distribution is proportional to

|h(p)|2e (A1)
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This distribution has a full width at half-maximum equal to
about Sp,=2wfi/w. This verifies Eq. (15) in the limit
Ap,<3p;. The opposite limit simply corresponds to no slit
being present. The root-mean-square form of Eq. (15) is then
chosen arbitrarily to interpolate smoothly between these two
limits.
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GRAVITATION AND CONSCIOUSNESS

Early in the book, Todd Siler compares neurons with stars and brains with galaxies. Just as
neurons talk to one another with electrochemical pulses, he proposes, stars communicate in the
language of gravity. Or as he puts it: ““Gravitation is to galaxies what consciousness is to human

George Johnson, in a review of Todd Siler, Breaking the Mind Barrier, The New York Times Book Review, December 30,
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