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Accurate physical laws can permit new standard units: The two laws
F =ma and the proportionality of weight to mass

Wayne M. Saslow®
Department of Physics and Astronomy, Texas A&M University, College Station, Texas 77843-4242

(Received 8 February 2013; accepted 10 January 2014)

Three common approaches to F = mad are: (1) as an exactly true definition of force F in terms of
measured inertial mass m and measured acceleration @; (2) as an exactly true axiom relating
measured values of @, F and m; and (3) as an imperfect but accurately true physical law relating
measured @ to measured F, with m an experimentally determined, matter-dependent constant, in
the spirit of the resistance R in Ohm’s law. In the third case, the natural units are those of @ and F s
where @ is normally specified using distance and time as standard units, and F from a spring scale
as a standard unit; thus mass units are derived from force, distance, and time units such as newtons,
meters, and seconds. The present work develops the third approach when one includes a second
physical law (again, imperfect but accurate)—that balance-scale weight W is proportional to m—
and the fact that balance-scale measurements of relative weight are more accurate than those of
absolute force. When distance and time also are more accurately measurable than absolute force,
this second physical law permits a shift to standards of mass, distance, and time units, such as
kilograms, meters, and seconds, with the unit of force—the newton—a derived unit. However,
were force and distance more accurately measurable than time (e.g., time measured with an
hourglass), this second physical law would permit a shift to standards of force, mass, and distance
units such as newtons, kilograms, and meters, with the unit of time—the second—a derived unit.
Therefore, the choice of the most accurate standard units depends both on what is most accurately

measurable and on the accuracy of physical law. © 2014 American Association of Physics Teachers.

[http://dx.doi.org/10.1119/1.4862967]

I. INTRODUCTION

The present work considers Newton’s second law of
motion as a physical law with a limited range of validity, as
opposed to a definition or an axiom (both of which would be
identically true). It then shows how, when one also uses the
physical law that the weight W is proportional to the inertial
mass m, the establishment of standards can be affected.
Because it is important for our purposes to distinguish
between definition and physical law, this introduction first
distinguishes them, then discusses three viewpoints toward
F = md (the two others being to treat it as a definition of F
and to treat it as an axiom that yields @) and then gives a
brief commentary, as preparation for the body of the paper.
Although the present work is pedagogical in nature, its view-
point forms the philosophical basis for the shift from the
standard units of meters, seconds, and newtons—the natural
units of the second law—to meters, seconds, and kilo-
grams—the natural units when these quantities are more
accurately measurable than force.

A. The distinction between physical definition and
physical law

By physical definition we mean a named relationship
between measurable quantities. Thus we define velocity—
that is, we give it a name—as v = dx/dt, where dx is the
change in distance x (measured, e.g., in meters) and dr is the
change in time ¢ (measured, e.g., in seconds), in the limit
where dt — 0. Applied to the speed of an automobile, we
can make approximate measurements of dx and dr to obtain v
directly from its definition. Because of uncertainties in the
measurement of dx and dr, v cannot be known exactly, but
this is not because there is any uncertainty in its definition.
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By physical law, we mean a relationship among a num-
ber of independently measurable quantities. For example,
consider a radar generator that produces electromagnetic
radiation traveling with velocity ¢ and of frequency f; in
the rest frame of the generator. The physical law for the
Doppler shift states that the frequency f of radar reflected
from an object moving away from the generator with non-
relativistic velocity v < ¢ and measured in the generator
frame is given by f =fy(l —v/c). The experimentally
established accuracy of a physical law depends on the ac-
curacy of measurement of the quantities it relates; it is no
more accurate than the least accurately measurable of these
quantities.

Because it is easier to measure fy, ¢, and f than to measure
v by direct use of its definition, and because the physical law
(for the Doppler shift) is highly accurate, this physical law
provides a means to measure the velocity v of an automobile,
via v = ¢[l — (f/fo)], more accurately than by use of its
direct definition. Therefore, it permits a more accurate stand-
ard for velocity, without a direct measurement (via its defini-
tion) of velocity.

In general, new physical laws of high accuracy, such as
the ac Josephson effect and its associated voltage, or the
quantum Hall effect and its associated electrical resistance,
permit us to determine more accurate standards of measure-
ment (in these cases,_'of voltage and of resistance).1 In what
follows we consider F' = md from the viewpoint of both def-
inition and physical law.

Typically, the use of accurate new physical laws to define
new standards is a complex matter involving many quanti-
ties." The present work considers a case that, although rela-
tively simple, is nontrivial and can lead to multiple choices
of standards, depending on which measurable quantities and
which physical laws have the highest accuracy.
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B. Three approaches to F =ma

Given the distinction between definition and physical law,
we now consider three views relative to the modern form of
Newton’s second law of motion,

—

F =ma. ey

(1) One can consider that the acceleration @ and inertial
mass m are measurable, but force F is not. From this per-
spective_one assumes that F =md is exactly true and thus
defines F. We do not take this viewpoint.

Note that St. Venant® and Mach® assume momentum con-
servation to be an exact law, and use it to determine mass
ratios of two interacting particles by taking ratios of either
Ve10c1ty changes or of accelerations. Their view of inertial
mass is consistent with the above approach that defines F
exactly.

(2) In his Principia,4 Newton takes a rather complex view-
point. Following a number of definitions (including one for
mass, his “quantity of matter,” and one for momentum, his

quantlty of motion”) he axiomatizes his laws of motion so
F = md is taken to be exactly true.” However, his definition
of mass (see following paragraph) was informed by his
(dynamic) pendulum experiments, given in the Principia’s
Book 3, Proposition 6, by which he concluded that balance-
scale weight W is proportional to inertial mass m:

W x m. )

Because this conclusion involved an analysis of the pendu-
lum experiments using F = md, Newton’s definition of mass
is not really a primary definition.

Newton defined m as the product of volume and density.
This definition has been criticized™® as circular because
Newton does not define density. However, a number of
authors note that in Newton’s time densny was equivalent to
specific gravity, a measurable quantity.*”* For example,
Newton’s contemporary Boyle, whose law for gases involves
the gravitationally based density, had a few years before the
Principia devised methods to measure the specific gravity of
solids and liquids both less dense and more dense than
water.”'® Thus Newton took mass to be proportional to
weight, which he had established (as an experimental law)
by comparing the results of his pendulum experiments with
the predictions of the second law.

With mass known, Newton considered that F = ma gave
the acceleration of an object of a given mass subject to a
given force or sum of forces. Although from Galileo’s work
acceleration was well-defined operationally, Newton did not
give an operational definition of force. As far as we can tell,
perhaps because of the absence of force units in Newton’s
time, he largely worked with the force of gravity and he
employed proportional reasoning, so this lack of an opera-
tional definition for force was not an impediment to his de-
velopment of the Principia. Thus, Newton’s second law as
stated by Newton was the physical law that

o F, 3)
with proportionality constant inversely proportional to his
definition of mass (itself based on an independently deter-

mined physical law). Note that both @ and F, while having
different units, are vectors under rotation.
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(3) An alternative view—and the view taken in the present
work—is to consider F' = md as a physical law. This view is
clearest if the equation is put in the form

d:

S.l Bl

“

Here the quantity m (the inertial mass) is a property of the
object under study; thus, once the proportionality is estab-
lished by measuring F (in newtons, sag using, e.g., a spring
and Hooke’s law) and & (in, say, m/s”), the proportionality
constant 1/m can be determined. This view is similar to that
taken when establishing Ohm’s law, where the current / is
proportional to the voltage difference AV (for small enough
AV that nonlinear effects do not appear), with 1/R being the
proportionality constant: /= AV/R. Just as determination of
R once and for all permits one to relate other values of volt-
age difference and current, so determination of m once and
for all permits one to relate other values of force and
acceleration. .

Having established F' = md, one can proceed to make fur-
ther and independent discoveries. From spring-based weight
measurements for various objects one finds the physical law
that an object’s weight W is proportional to its inertial mass
m. Moreover, from projectile motion under terrestrial grav-
ity, or from pendulum experiments a la Newton, one finds
that the local gravitational field strength g is the same for all
objects. This is consistent with the weight measurements
when one uses a =F/m and employs g for a and W for F.
The non-obvious fact that weight and inertial mass are pro-
portional is not contained in Newton’s second law; neither is
the non-obvious fact that electric charge and inertial mass
are not proportional. It is the primary purpose of this work to
show that if the proportionality of weight to mass can be
determined accurately enough, then it is possible to obtain
new standards, replacing the least accurately known of force,
distance, and time by the measurement of (relative) mass by
a scale balance. Currently, force is the least accurately meas-
urable of these quantities, but we point out that if distance or
time were the least accurately measurable, then the choice of
standards would be different.

C. Commentary

Most textbooks assume that F = md is an exact relation-
ship, perhaps with the caveat that it is limited by its neglect
of special relativity, general relativity, and quantum mechan-

They likewise assume the exact proportionality of W to
m. ThlS assumption of exactness has perhaps made it easier
for some authors to go further, and to accept viewpoint #1
above, that F = md can be used to define force F if m and a
can be measured accurately. Nevertheless, from the view-
point of physical law and standards, the accuracy of F = md
first must be determined (which requires independent meas-
urements of F, m, and @), after which F = m@ may (or may
not) be employed to define a new standard for force.
Currently, if mass is determined by proportionality to weight
using a scale balance, then force is indeed the least accu-
rately known of the quantities appearing in F = md, so the
proportionality of mass to weight can be employed to obtain
a standard for F from accurate measurements of m and 4.

This choice of the “best” set of standards, however, is a
bit arbitrary. To see this, imagine a civilization with an hour-
glass chronometer. In this case, @ likely would be the least
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accurately known of the quantities appearing in F =ma, so
this law could be employed to obtain a standard for @, and
then for time 7. Similar considerations apply if distance is the
least accurately known quantity appearing in F = md.
Clearly, the use of Newton’s F = md depends upon what is
known and how accurately it is known. (Some other works
that take the view that F = ma should be established experi-
mentally, rather than postulated, are given by Refs. 12—-14.)

An outline of the remainder of this work is_as follows.
Section II considers how one might establish F = md is a
physical law, and Sec. III considers how one might establish
the physical law that weight and mass are proportional.
Section IV shows how one can use these laws, if accurate
enough compared to the primary measurements of force,
length, and time, to replace the least accurately known of
these primary measurements. Finally, Sec. V provides a brief
summary.

II. ESTABLISHING NEWTON’S LAWS OF MOTION
IN A WORLD WITH A DIFFERENT HISTORY

We first note that Newton’s first and third laws involve
statics, whereas the second law does not.

The third law, of action and reaction, is a statement about
static forces in some reference frame, and assumes that even
when there is motion relative to that reference frame, the law
holds (although the values of the forces may change). To es-
tablish this law quantitatively requires an absolute force-
measuring device, such as a spring scale (or even a digital
weight scale, which is force-based), as opposed to a balance
scale, such as often found in a doctor’s office, which can
only measure relative weights. In principle, one can establish
that the third law holds even in non-inertial reference
frames.

The first law, stating that for unforced motion an object
moves at a constant velocity, is not on its face a law about
statics. However, since it merely involves a system that
moves at a constant velocity relative to an inertial frame, it is
applicable to the statics of forces in the moving reference
frame. It states that, in an inertial reference frame (one that is
at rest or moving at a constant velocity relative to the “fixed”
stars), if there is no net force then the velocity is constant.
This is often associated with the concept of inertia.
However, note that if we are at rest relative to an inertial lab-
oratory frame and we then walk at a constant velocity ¥/, then
all other objects develop a velocity —v, independent of their
inertial mass. Thus, from the viewpoint of kinematics at con-
stant velocity, the inertial mass is irrelevant to the first law.
To establish the first law requires a true force-measuring de-
vice, so that one can show that the net force is zero, and devi-
ces for measuring distance and time, so that one can show
that the velocity di’/dt is constant. Thus, even without the
second law of motion there is a need for distance, force, and
time units.

With this in mind, let us consider how one might establish
Newton’s laws of motion, beginning with the statics-
associated first and third laws.

A. Spring scales measure force and establish the third
law

Let there be a group of scientists who measure forces F
with spring scales (based on Hooke’s law) calibrated by the
local weights of standard masses, where a balance scale is
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used to compare weights. Once the spring scales are cali-
brated, they can be used to measure weights in another labo-
ratory. Now consider the interaction of objects 1 and 2. With
F |, the force on object 1 due to object 2, the scientists find,
to experimental accuracy yet to be specified, that
F> = —F >, which is the third law—action and reaction.
Note that Hooke’s law is not needed to measure a force; a
nonlinear but reproducible, and therefore non-hysteretic,
spring would also_work. Let us assume that by this means
they can measure F in newtons to a ]%art in 10°; thus they can
establish the third law to a part in 10°.

I find it curious that Newton did not indicate how to mea-
sure force directly. Hooke’s law dates to around 1660,"
some thirty years before Newton’s Principia, which refers to
some of Hooke’s astronomical measurements but not to
Hooke’s law. Since Newton and Hooke were contemporaries
and occasmnally corresponded (with no love lost between
them'®), Newton presumably knew Hooke’s law. Consistent
with Newton’s Principia, Euler’s influential works
Mechanica (1736), on point mechanics, and Theoria Motus
Corporum Solidorum seu Rigidorum (1765), on rigid bodies,
do not seem to invoke Hooke’s law or any other method to
measure forces,'” and only briefly discuss distance and time
measurements. (It is perhaps of interest to note that the first
commercial sPrmg balance may have been made in England
around 1760, long after Hooke’s discovery.) In a cursory
examination of the physics literature on F = ma, the earliest
reference I have found that treats force as a primary quantity
is Maxwell’s 1876 proposal to measure force with elastic
threads."”

B. Kinematics measurements (rulers and clocks)
measure velocity and acceleration

Let there be another group of scientists who measure
space (") and time () using rulers and clocks, so they also
can determine velocity (¥ =dr/df) and acceleration
(d=dv /dt) Let us assume that they can measure distances
to a part in 10* and times to a part in 10°. Then velocmes
(and accelerations) can be measured to a part in 10* (deter-
mined by the least accurate of the units associated with the
acceleration, which is distance). At this point, we do not con-
sider the nature of the forces that cause the acceleration.

C. Spring scales and kinematics measurements (rulers
and clocks) together establish the first law

Suppose that, in an inertial frame, measurements with rul-
ers and clocks yield that the acceleration @ of an object is
zero. Simultaneous _measurements using spring scales yield
that the total force F on the object is zero. Thus, together the
two approaches have estabhshed the first law. Because @ is
measured to a part in 10* and Ftoa part in 10%, the first law
is established to a part in 10°. Note that if we plot |d@| vs. |F|
the first law gives only the intercept of the plot; this does not
forbid a dependence on |F| that is more complex than linear
(e.g., quadratic, cubic, or linear plus quadratic).

D. Spring scales and kinematics measurements (rulers
and clocks) together establish the second law and inertial
mass

Like the first law, the second law involves measurements
of force (using spring scales) and of acceleration (using
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rulers and clocks) For a nonzero net force F one finds that
the acceleration @ is along F, and that |@| is linearly propor-
tional to |F |. This proportionality is basically the second law
of motion, and the proportionality constant e call 1/m.

Because |d| is measured to a part in 10* but |F]| is meas-
ured to a part in 10°, we can determine the inertial mass m to
a part in 10° via the measured slope of a plot of || vs. |F].

III. ANEW PHYSICAL LAW: PROPORTIONALITY
OF WEIGHT AND INERTIAL MASS

In what follows we solely consider terrestrial gravity. We
assume that the law of universal gravitation has not yet been
discovered.

A. Kinematics measurements (rulers and clocks)
establish the law of fall

Our hypothetical scientists can measure velocities and
accelerations (no matter the cause of the acceleration) to a
part in 10*. They now consider accelerations solely caused
by terrestrial gravity. Such use of rulers and clocks yields,
when air resistance can be neglected (as in Boyle’s experi-
ments using an evacuated chamber), that to a part in 10* all
objects fall under gravity with the same local acceleration
|@| = g (which can depend on locale). Similar conclusions
can be made for pendulum motion using clocks alone, if the
mass distributions and pendulum lengths are the same. If
Newton’s second law is assumed to be correct, and if the
force of gravity is taken to be the weight W, then we con-
clude that g =W/m is the same for all objects: the weight is
proportional to the mass.

B. The balance scale and a standard of mass: Terrestrial
measurements

Our scientists can also use a set of objects of known mass,
and measure their relative weights using a balance scale
(rather than a spring scale). They find that, to a part in 10°,
W (from statics) and m (from dynamics, using a force other
than gravity) are proportional, independent of the specific
values of W and m, and the proportionality is independent of
the material studied, although the ratio W/m may vary from
locale to locale.

C. Accurate relative weight measurements

We now assume that our scientists also find that their rela-
tive weight measurements are more reproducible than the
spring scale measurements; say, to a part in 10°
Nevertheless, to use these measurements to advantage they
need only assume that the ratio of weight to mass is accurate
only to a part in 10%, the same as distance (the less accurate
of distance and tlme).

IV. REDEFINING STANDARDS

A. Redefining the standard of force using both Newton’s
second law and the proportionality of weight and inertial
mass

At this point another group of scientists comes along and
suggests that perhaps Newton’s second law is more accurately
true than previously established, to some as yet unknown ac-
curacy. They then try to invert the logic and use: (1) the
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accuracy of F = ma (assumed accurate to a part in 104, (2)
the accuracy of scale balance measurements of masses
(assumed accurate to a part in 10%, and (3) the accuracy of
ruler and clock measurements of accelerations (accurate to a
part in 10%). In this way they obtain a new standard, accurate
to a part in 10%, for force F (by direct measurement accurate
only to a part in 10°). Nevertheless, this does not define F,

which continues to come from a true force-measuring device.

Because acceleration was determined in the context of the
second law to a part in 10%, acceleration is necessarily accu-
rate for the first law to a part in 10*. However, the third law
is independent of the others and must be tested to a part in
10%. If the third law is found to be true to at least that accura-
cy—which we assume to be the case—then the assumptions
that the second law is accurate to a part in 10%, and that the
proportionality of weight to mass is accurate to a part in 10%,
are both consistent. This consistency would thus establish
thc third law to a much higher degree of accuracy (a part in
10%) than originally established (to a part in 10°)—a signifi-
cant advancement.

To summarize, we have a consistent scheme whereby the
accuracy of measurement of force is increased by using two
very accurate physical laws (F = md and W o m), and then
switching from the original distance-force-time-based stand-
ard units to the more accurate distance-mass-time-based
standarc_[ units. Nevertheless, we see that F' = md does not
define F; it rather serves to define a more accurate standard
for F.

B. Redefining the standards of time and distance using
Newton’s (accurate) second law

If time were the least accurately measurable quantity of
distance, force, and time (e.g., time is measured with an
hourglass), then in the scalarized version of the second law,
F = ma, the acceleration a would be the least accurate mea-
surement. In this case we may use a = F/m to obtain a new
standard for a. Because the rulers yield accurate enough val-
ues of distance, this approach would lead to a new standard
of time.

If distance were the least accurately measurable quantity
(e.g., measured with a grade-school ruler), then, in the sca-
larized version of the second law, F' = ma, the acceleration a
again would be the least accurate measurement. Again we
may use a = F/m to obtain a new standard for a. Because the
clocks yield accurate enough values of time, this approach
would lead to a new standard of distance.

We thus see how an accurate Newton’s second law can be
used to obtain either a new standard of time or of distance,
without serving to define either time or distance.

V. SUMMARY AND CONCLUSION

We have shown how, by treating F=md as a physical
law and by using the physical law that the weight W is pro-
portional to the inertial mass m, one can, with accurate bal-
ance scale measurements of relative weight, obtain a new
standard of force, distance, or time, according to which is the
least accurately measurable of the three. Presently, force is
the least accurately measurable of these quantities, leading to
the use of distance-mass-time units rather than distance-
force-time units.

These possibilities occur when the measurements appro-
priate to a physical law, and the physical law itself, are more
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accurately true than the measurements needed to obtain the
definition of a physical quantity. We can then obtain that
physical quantity more accurately by application of the phys-
ical law than by application of the definition. In other words,
the choice of the most accurate standard units depends both
on what is most accurately measurable and on the accuracy
of physical law.

In a more modern context, the ac Josephson effect defines
a voltage standard, not voltage itself, and the quantum Hall
effect defines an electrical resistance standard, not electrical
resistance itself. The efforts at laboratories like the National
Institute for Standards and Technology are not merely practi-
cal, but are also epistemological, treating the very founda-
tions of what we know and how we know it.
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