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Wave Equation in vacuum

No charges or currents

Vector potential
Lorentz gauge

p(r)=0
J(r)=0

Scalar potential:

o(r)=0

A(r,t) = A(t)u(r)

2 o
Viu+ku=0 Helmholtz

O A

2 A _ _
pYe +w°A=0 (@=ck) Harmonic oscillator




Helmholtz Equation: spatial mode structure

Spatial modes vector space

Helmholtz

VZUj +k2Uj =0 » uj(r)€{¢'m”(r)}

fe b (k. k. k,) Plane
(B (k,p)e' ™ (I,k,k,) Cylindrical
(o, (kr)Y,"(@,4)} (1, m,k) Spherical

(LG, e} (p.lk,) Paraxial: LG

{HGmn eikﬂ} (m,n,k, ) Paraxial: HG



Further requirements

Physical fields Boundary conditions

Vector modes: Polarization-Spatial

w0} fu,n)-u,@)dr=5,

Finite V — discrete modes

{ujlmn (r)}

(J,1,mn)— u



Electromagnetic fields

A(r,t)=> A (t)u,(r)

dA
E(r,t)=-> dtﬂ u,(r)

B(r,t)=) A, (t)Vxu,

Hamiltonian




Time evolution

0, .
L @A =0 A ()= (X, cosmt+Y, sine,t)
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Canonical quantization

Quadratures: canonical YISV
7 U

conjugate variables
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Quantum Hamiltonian

_ho |ata 42
al THTH o

H.[m), =E..In),

En,ﬂ :ha)ﬂ(n_l__j



Heisenberg Equations

a,(t)=a,(0)e "

ia)ﬂt
a,(t)=a}(0)e

da 1 .
dtﬂ:ih[aﬂ’Hﬂ}:_lwﬂaﬂ = 7

X, (t)=X,(0)cosmt +Y, (0)sin ot
Y, (t)=—X,(0)sinwt+Y,(0) cos wt

o a), =ala), (a-lale’ <)

X,(t)=(a| X ,(t)|a)=||cos(wt-0)

Classical-like y. 0 = (@], ®]a) =|alsin(ot-6)
- - . A 2
Minimum uncertainty (a|[AXﬂ(t)] )

(a|[4Y, 0] o) =5






Photon number (energy)

(8N, ) = G I(AN, ) Ty) = [N, o) =G N, o)

Fock states: <(AN

Poisson distribution:

@), = "“"ZZJ—I m),

P =|n]a), | =e* %

(N)=laf [{(an,)) =laP=(N,)




Quadrature
(8%, ) = (8%, Jor) = X, 210) (v X, )
(8%, )= W (AY, 1) = 1,2 v~ 1Y, [

Fock states:

(X,)=(¥,)=0
<(Axﬂ)2>:<(AYﬂ)2>=h(n+%j

Coherent states:



Phase space analysis

Quadrature measurement: homodyne detection

_______________
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The Displacement Operator

D, (a)=exp(a’a, —ca) (a =|a e’ e <C)

D, ()]0), =|a),




Squeezed states

<hl?2 Minimum uncertainty

““““““““““ Squeezed states:

R (3 T
((a%,))=((av,))
- X

’
S, (&) =exp(&'al -&a)’) (£=|&]e” eC)
S.(9]0), =[£),



Squeezed state generation

e Parametric down-conversion
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Structure of the multimode vector space

Multimode vector space

®
g:gl@)gz@g;...zné;
y7i

Multimode Fock states

n,n,, N, > :|n1>1®|n2>2 ®|r'3>3 - = Hnﬂ}>:H‘nﬂ>y

Operator extension
{n.})=n.
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Quantized fields

Electromagnetic fields

Alr,t)y=> \/ [a (tyu, (r)+al @)u;(r) |
E(r,t) = |Z
B(r’t)zz\/zgv@

1
H=> ho, (azaﬂ +§j
7

La, (), (n-alt)u(r)]

la,()Vxu, +al ()Vxu, |



The vacuum state

®

|V&C>=|0>l®|0>2 ®|O>3®'":H|O>ﬂ

U

Zero point energy

h
(vac|H |vac) = ;)”
< e > 0 Quantum fluctuations
VacC VacC) =
< AE? > 0 # Spontaneous emission
VacC VacC) #

Casimir force



Multimode coherent states

Tensor product of coherent states

&), ®|a,), ®|a,), @ zﬁ\ ) =lay ey =|{a,})

(2. })

({,}|E(r.0)|{,} / Lo, (t)u, (N —a,()u)(r)]

D(a,,....,a,) =exp(e,a, —aa +..+aa —a.a’)=D(a,)---D(a,)

O(a ) vac)=l), @8 ),




Simple example

Example: plane wave, x-polarized, propagating along z

ux,0,0,k (I’) — eikz)A(
ax,0,0,k =
a,=0 for u=+(x,0,0,k)

(fer.}

E(r’t)‘{aﬂ}> -

Classical-like behaviour!






Alternative modes
u, (N} < v, 0}

[u,(m-u,(nNd’r=5, [v,(N)-v,()d*r=5,

v, (N=>U,u,(r)

u,(r)=2.U.v,(r)

OBS! 0, =,



Alternative modes

Alr,t)=> \/25 \’j - a,(t)u,(r) +h.c.

a,(t) (U *)W v, (r) +h.c.

|

:ZV:\/Z ;’/ > () aﬂ(t)}vv(r)+ h.c.
|
|

U

Zufﬂaﬂ(t)} v, (r)+h.c.

b,(t) v, (r)+h.c.

b,()="U,a,t) = [blb,]|=5,
y7]



Alternative modes

b, _ZuwaﬂjbT ZUW J

(

b‘hb =

o s, I
a aﬂ+2j Zha) (bibﬁ%j

H = ha)



Fock states transformation

O = v OF _Zu a,=bl=>U, a
(ng)=lin}) )

{0, }>:\vac>
n,.{0,..})= (\/_) |vac) = (ZU ] | vac)

1 aw‘nvac i (U aT) vac) = /n! ®(Uvﬂ)mﬂm
{20 o) = o T - i [ ),

where: Zmﬂ -n
y7,



Coherent states transformation

fu,(N} < {v,(n)
o)) = [(8.))

b, —ZUWaﬂ:bT ZUW f

\ B,.{0,., }> — phbi-Bb, | vac) = exp (Z pu, a -pu a, ] |vac)
7

[o.(0
8,.{0,.,}) :‘{aﬂ}> where «, =AU,



Simple examples

Circular polarization modes
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Simple examples

V2 Input-output modes of a beam splitter
Vy u, +Uu
u, N _i[l 1)
U J2(-1 1
u, 2 = \/E
a+a, _a+d
b, = b =
2 2
{a {aT =) PV, +b,v,=2aU,+a,u
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PN, = o ) (S



Hong-Ou-Mandel Effect

Input-output of a photon pair on a beam splitter

1) 1) =a'a’ |vac)= b$1+b32 b\z_b‘l |VaC>— (b:;l)z_(b‘?;z)z |VaC>
D1, =ala, lvac)=| == || = _ :

2),10),-10), 12),
8,18, =




Simple examples

Linear polarization modes




Polarization Hong-Ou-Mandel Effect

Input-output of a photon pair on a beam splitter

0. 1), =al o v [b;jzb; Mb;;; ]W ) [(b; (o) ]W

2),,19,, -19),, 12),,

2. 19, =




Two-mode squeezed states

S,.(&)=exp(&ab, —&albl) (&=|&e” eC)
$,.(£]0),10), =1$),.

Quadrature entanglement

EPR variables:
. :Xﬂixv :YﬂiYV
. 2 . 2

(AX_ )2> + <(AY+ )2> <h (quadrature entanglement)



Two-mode squeezed states

________________

_____________________

________________

_|_

EPR correlations (quadrature entanglement):

(A% ) )+{(AY, )" )<



Two-mode squeezed state generation

» Nondegenerate parametric down-conversion
(2)




