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Electromagnetic modes as harmonic 

oscillators



Wave Equation in vacuum

2
2

2 2

1
0

c t


 − =



A
A

( , ) ( ) ( )t A t=A r u r

2 2

2
2

2

0

0 ( )

k

A
A ck

t
 

 + =


+ = =



u u Helmholtz

Harmonic oscillator

Vector potential 

Lorentz gauge

( ) 0 =r

Scalar potential:

( ) 0

( )

 =

=

r

J r 0

No charges or currents



Helmholtz Equation: spatial mode structure
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Further requirements

Finite V → discrete modes
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Electromagnetic fields
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Time evolution
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Canonical quantization



Canonical quantization

Quadratures: canonical 

conjugate variables
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Quantum Hamiltonian
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Heisenberg Equations
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Quantum fluctuations



Photon number (energy)
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Quadrature
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Phase space analysis

Quadrature measurement: homodyne detection
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The Displacement Operator
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Squeezed states

Minimum uncertainty
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Multimode structure



Structure of the multimode vector space
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Quantized fields

Electromagnetic fields
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The vacuum state
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Multimode coherent states
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Simple example
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Mode transformations



Alternative modes

U → unitary
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Alternative modes
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Alternative modes
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Fock states transformation
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Coherent states transformation
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Simple examples

Circular polarization modes
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2ê ˆ
Le ˆ

Re

1 1 2 2
ˆ ˆ ˆ ˆ

R R L Lb b a a+ = +e e e e



Simple examples

Input-output modes of a beam splitter
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Hong-Ou-Mandel Effect 

Input-output of a photon pair on a beam splitter
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Simple examples

Linear polarization modes
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Polarization Hong-Ou-Mandel Effect 

Input-output of a photon pair on a beam splitter
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Two-mode squeezed states

Quadrature entanglement
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Two-mode squeezed states
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p
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NLC

Two-mode squeezed state generation

1 + 2 = p

• Nondegenerate parametric down-conversion
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